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Dispersion of solute in wall-bounded parallel shear flows
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Abstract. For laminar dispersion in wall-bounded straight channels, a rigorous method of solution to the basic
convective diffusion equation is developed by using the Green’s function. The method leads to a self-consistent and
computationally useful procedure for the determination of the concentration distribution at arbitrary times. The
dispersion approximation of Gill and Sankarasubramanian [5, 6] and the alternative approach of Smith [14, 15] for
the transverse mean concentration are critically examined. It is shown that these latter methods are valid only under
restricted conditions. For initial-value problems where the dispersion approximation applies, a purely algebraic
method, distinctively different from the work of DeGance and Johns [10, 11] for the determination of the dispersion
coefficients is developed.

The truncated dispersion approximation for the area-weighted transverse mean concentration of an inert solute
due to prescribed initial conditions in flows without internal sources is analyzed in detail. It is shown that, by using
the central moments of the mean concentration distribution, suitable criteria for the applicability of the second-
order approximation can be reasonably established. Results pertaining to a concentrated initial distribution in
Poiseuille pipe flow are presented as an example.

1. Introduction

The dispersal of a solute miscible in a slowly moving fluid is produced by the combined
action of molecular diffusion and convective transport. The change of the solute concen-
tration in the course of time is governed by the convective diffusion equation. With
prescribed initial conditions of an inert solute in steady rectilinear flow through straight
circular tubes, asymptotically effective solutions for the area-weighted transverse mean
concentration 6(t, X) have been formulated by Taylor [1], Aris [2], and Chatwin [3] at large
times and by Lighthill [4] at small times. In the dispersion formulation developed by Gill and
co-workers [5-9], it is maintained that in flows free of internal sources the evolution of
6(7, X) due to a prescribed initial input is governed by the longitudinal dispersion equation,
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Here, in nondimensional notations to be clarified later, 7 is the time, X the axial distance,
and the K;’s are the phenomenological dispersion coefficients. For an initial input belonging
to the ‘product’ class, these authors have established the necessary equations for the
determination of the K;’s and showed that (1.1) is exact and complete as a bulk-model
equation for describing the dispersion of the solute. DeGance and Johns [10, 11}, under the
asssumption that (1.1) is indiscriminately valid for all initial conditions, developed a
procedure for the sequential construction of these dispersion coefficients. Thus by employing
a large enough number of terms, it appeared that (1.1), whenever applicable, may be used as
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an effective approximation for the determination of 6(r, X). With a different perspective
within the context of source-free flow of an inert solute, however, Frankel and Brenner [12]
most recently showed that no systematic improvement on the pointwise accuracy of 6 can be
obtained from (1.1) by embodying the higher-order terms (higher than 1 to include
diffusion) if the dispersion coefficients K, which for a given initial condition are inherently
time-dependent, are replaced by their long-time (r— ©) asymptotic counterparts which are
constants irrespective of the initial conditions.

On the basis of a method of solution to the convective diffusion equation by employing the
Green’s function [13, 14], this work presents the formulation of a self-consistent approxima-
tion by which a solution that converges in the mean can be computationally determined with
prescribed accuracy. A critical examination made by virtue of this method shows that the
dispersion formulation of (1.1) can be rigorously derived only if certain conditions are met
by the initial concentration distribution and the prescribed source strength. Under such
conditions, a purely algebraic procedure, in contrast to that of DeGance and Johns {10], is
formulated for the systematic determination of the phenomenological coefficients. To test
the effectiveness of the dispersion approximation of finite orders, the specific case of an inert
solute in Poiseuille pipe flow with a transversely-uniform concentrated input is considered.

The usefulness of the dispersion formulation is essentially limited to its second-order
approximation unless the coefficients K; can be evaluated to arbitrary orders in practice.
Aware of the fact that such an approximation has shortcomings irreconcilable with physical
realities, Smith [15, 16] proposed a memory displacement representation for the determina-
tion of the area-weighted mean concentration. It is shown that Smith’s approach can be
precisely derived under the same conditions that the dispersion formulation is mathematical-
ly valid. The particular form of the new ansatz posed by Smith, however, is revealed to be
the lowest-order nontrivial approximation of the exact solution obtained under additional
restrictions.

2. Analysis by using the Green’s function

The dispersion of a solute with prescribed distributions of source strength and initial
concentration in a long straight channel of constant flow cross section is considered. The flow
velocity, which is steady, laminar, and rectilinear in the axial direction, is assumed to depend
only on the transverse coordinates. The solute may be inert or may undergo first-order
irreversible chemical reactions in the fluid bulk and on the transverse flow boundaries. It is
assumed that the solution is dilute so that effects on the flow velocity due to variations in
solute concentration can be neglected. Under these conditions, the local concentration of the
solute C is described by the basic convective diffusion equation
2
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dC/N"+ k. C=0 on §,

and an initial distribution of C which is assumed to be square-integrable. Here ¢ is the time, x
the axial distance, Vf\ the transverse Laplace operator, u the local flow velocity, & is the
bulk reaction constant, k! is a constant used to account for surface reaction and wall
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absorption, ¢’, assumed to be square-integrable, is the local source strength, D the molecular
diffusion coefficient, and 9/9N’ denotes differentiation in the direction of the outward
normal to the transverse flow boundary S.

Let C, be a reference solute concentration, u, a reference velocity, & the average flow
velocity, L a characteristic length of the transverse flow area, and let

0=C/C,, t=Dt/L*,  X=(x—ut)/PelL,

k,=k\L'D, k,=kLID, U=(@u—u)lu,, (2.2)

V’=L’V%, /loN=LaloN', q=q'LIDC,,

where Pe = Lu,/D is the diffusion Peclet number. Then equation (2.1) can be written as
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00/0N+k6=0 onS.
The eigenvalue problem for diffusion across the transverse flow area is
Vi, = = AL,
2.4

ay,/oN+ ki, =0 on S,

where ¢, is the eigenfunction associated with the eigenvalue A,. Since the flow is laterally
bounded, the sequence of values of A, (n=0,1,...) is nonnegative, discrete and denumer-
ably infinite, and the functions ¢, form an infinite orthonormal set, that is,

LXZ ff Y., dydz=595, , (2.5)

where §,, is the Kronecker delta, A is the transverse flow area, (y, z) represents the
nondimensionalized transverse coordinates in unit of the characteristic length L, i.e.,

ffdydz=A/L2, (2.6)

and the integration is over the entire transverse flow area.
The linearity of (2.3) means that its solution can be represented by the expansion

= 2 ,(r, ) (5, 2). 27

Using (2.7) for 6 in (2.3), multiplying by ¢, (n fixed) and integrating over the transverse flow
area by applying the orthogonal relation (2.5), we obtain

8¢, _ 1a¢ - 39, _
T - B2o, E_u,,m % +4,, forn=01,..., (2.8)
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where
Br=Artk,, (2.9)
L2
u,, = e jf Uy, g, dydz, (2.10)
L2
q,,(T,X)=XJ'J'q(X, v, z, 7)Y, dydz. (2.11)

The initial conditions to be applied to the solutions are

L2
0,0.%)= "2 [ [0, y. 2, dy . @)

where 6,(X, y, z) is the prescribed initial concentration distribution of the solute.
By using the variable transformation

Xn = X - unnT > (213)
equation (2.8) is reduced to the form

0p, _ 1 &9, 3¢y,
i ﬁ¢—§unm — - (2.14)

In terms of the Green’s function created by an instantaneous point source located at X, at
time 7, (see for example Morse and Feshbach [17]),

_ Pe [ Pe’(X, - X,)* ]
G(1, X, |7, X,) = Na(r—1) €xp 4(r—1) B.(r—1)|, (2.15)
the complete, but not directly useful, solution to equation (2.14) is
b X)= b0t 0= S, [ ar, [ _ax, 20X G x e, (2.16)
m#n
where
bualr. X)= [ 4,00, X)G(r, X0, X,) X,
P uir [ g0, x) e - FEE K 4y 217
2_\/—1_ d) ( )exp 4'T K ( - )

is the contribution to ¢, arising from the initial distribution, and
pu(r X)= [ ar, [ dX.q,. X)G(r XIr,, X)) | 2.18)

is that due to the distributed source. Now expand 3¢,,(r,, X,)/3X, in the source coordinates
on the right-hand side of (2.16) about (7, X)) of the observation coordinates in a series in
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powers of (r, — 7) and (X, — X,) and then perform the required integrations over time and
space term by term. The resulting series can then be reverted back to the original
coordinates (1, X). The complicated algebraic maneuvers will not be presented. The final
result is

d)n(T’ X) = d)n()(T’ X) + pn(T’ X)

x o (w2l p-2v 62v+y+1 au*Znyd)
-2 2 2 2 w0y ( "') (2.19)

2v+y+1 w—2p—y
m#n u=0 v=0 y=0 0X oT

where [ /2] designates the integral part of the argument and

CD* (=D [, S (B2
B [1 e 02=0 = ] (2.20)

Q.(p, v,y;7)= . n
n(:u’ v,y T) Pez ‘y'V'(,LL_Q.V—‘)’)'

The expansion procedure used in obtaining (2.19) from (2.16) involves no ad hoc
assumptions of any kind. These equations for n =0, 1, ..., therefore, are mathematically

exact for the description of the functions ¢,(r, X) if the latter are analytic in their domain of
definition.

3. Computationally self-consistent approximation

The functions ¢q,(r, X) given by (2.11) are the component coefficients in the series
representation of the source strength with the transverse eigenfunctions as the basis, i.e.,

4(r X, y,2)= 2 4,(r X4 (7, 2). (3.1)

We shall assume that the series of the right-hand side converges uniformly to g(r, X, y, 2).
Thus, since the eigenfunctions ¢, form an infinite orthonormal set, one has as an approxima-
tion with a sufficiently large & [18],

g, (1, X)=0 forn>N, (3.2)

and accordingly, from equation (2.8),

b, _ 1 ¥, S 4 9n
e = Pal gxt " Brtem 2t Syt forn=01,. 4, (3.32)
ad)n l 82d)n Ex ad)’”
e axt Pt 2t Gy forn= N (33

The solutions of these equations are given by equation (2.19) with the use of, to the order of
approximation N defined by condition (3.2), p,=gq, =0 for n> V. These solutions,
however, are not directly useful as before.

The following observations can be made on equation (2.19) for the purpose of obtaining
solutions that are computationally useful. The term ¢,,(7, X) decays, at any given time 7,
according to the factor exp(— . 7) indefinitely to zero as B2 increases (see (2.17)) and the
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functions £2,(u, v, v; 7) under the summations, where the exponential term decays in the
same fashion (see (2.20)), are seen to become independent of time but inversely propor-
tional to ﬁi raised to progressively higher powers as the integer difference u — v increases.
Let B2 be arranged in an increasing sequence so that 82, , > B2. It is evident that, except at
times when the source strength is instantaneously infinite, if

Bit>1, (3.4)

then the term ¢,, for n > A can be neglected and the small value of ¢,(r, X), to the order of
1/B82, may be closely approximated by retaining only the term containing £,(0,0,0; 7) in
(2.19). We have therefore in this approximation

¢, (1, X) = — 2# u,, a; for n> W, (3.5)

where the condition p, = g, =0 for n > 4 has been imposed. Use of (3.5) in itself for the
terms with m > & leads to the approximate prescription, good to the level of the first-order
axial derivatives,

1 & 3,
é,(r, X)=— 52 2_0 U S5 fOT >N (3.6)

With (3.6) substituted into (3.3a) for the terms with m > /4 under the summation, we obtain
the system of simultaneous equations

3¢, ) < S [ (M] 3’e,,
S = - — 8, + +
67 Bn¢n mZ=0 unm aX mz=0 8 k aXZ qn (3 7)
forn=0,1,2,..., 4,
where
~ Ul
k) = > Lim (3.8)

1= +1 B[

Equation (3.7), with the use of the initial conditions of (2.12), can be solved, if not
analytically, at least computationally for the coefficient functions ¢,(r, X), n<J, by the
application of Fourier and Laplace transforms. The prescription procedure leading to (3.7)
implies that, at any given time, after & becomes sufficiently large, the larger the value of ¥,
the better is the approximation and the more efficient is the series representation of (2.7).

4. Some fundamental relations

The dispersion formulation of equation (1.1) is derived under the assumption that the local
concentration 6(r, X, y, z) can be represented by a linear combination of the axial deriva-
tives 8'0(r, X)/0X’ (j=0,1,...) [6]. DeGance and Johns [10] tacitly accepted this assump-
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tion in their derivation of the pertinent dispersion coefficients. In this section, we shall
attempt to establish the condition under which certain basic relations can be derived for the
valid construction of the dispersion formulation.

In order to relate the present approach to the description of the dispersion formulation, it
is necessary to eliminate the time derivatives of the ¢-functions in (2.19). Differentiating
(2.8) with respect to 7 and switching the orders of differentiation between 7 and X, one has

b, 1 & o, ., 0 - 3 o, 39,
2 - p.2 2 - B 2 Ui + .
T Pe® 9X° 97 m 87' =0 9X or ot

Now use equation (2.8) again for the r-derivatives on the right-hand side of the above
equation, it is readily seen that the result is an expression involving the X-derivatives of the
¢-functions only. By repeating this procedure, higher order 7-derivatives can similarly be
obtained and we find in general that these can be written in the form

a:d);":i 22 (sk)ad)l

ax*
ax q o s-—1 2p - ak+s~p—1q ]
m oy _ p.k) !
( sO)[ (1 _vl) I—ZO pgl kEO Tml an aTx—p—l > (41)
where the coefficients T¢;*), beginning with
TV =5,,, TYY=0, fork>0,
) (4.2)
TSI‘O) = _Blzsml ) TSI’I) = T Upy TSI‘Z) = P_ei [
are determined, for s =2, by using the following recurrence relations:
750 = 3 TGOT,
TG = S TOOTY + TU T,
TR = Z 2 T PDTURD for 2<k<2(s—1), (4.3)

n=0 j=k-2

Tfff‘_l) - E T(s 1,25~ 3)T(1 2) T(s 1,25— 2)T(1 1)
Tfi;zs) _ E T(: 1,2s— Z)T(l 2) )
Employing (4.1) for the 7-derivatives in the exact solution (2.19), we find

© k
4 X) =2, %)~ 3 3 DY@ o, (44
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where
w© k-1 o [(k=j—1)/2] ] )
D)= 2 > 2w, T (v k20— - 157),
m#En j=0 p=k-1-[j/2} v=0 )
(4.5)
forn,[=0and k=1,
otherwise D*’ =0, and
Z(rX)=¢,(r. X)+p (1, X)+ Q, (7, X). (4.6)

Here ¢,,(7, X) and p, (7, X) are given by (2.17) and (2.18), respectively, and

S o  [(m/2] p—2v

0.(nX)=—2 2 2 2 u, Q. (1 v,y 00,05 X), (4.7a)

m#n u=0 p=0 y=0

with
9"q,,
rm(T7 X) = (1 - 6;,4.—21/—-)4,0) aX2v+-y+l aTy.—ZVv-yfl + (1 - 6#*21»—)4,1)
o« MH—2r—y—1 2% ak+y.—:q
(s,k) {
X 120 21 EO Tml an+2u+-y+1 aTu.72v—-y—1—s:| . (47b)

We proceed from here on in this paper to use ¢,(7, X) as a reference coefficient function
for the purpose of developing the necessary relations that are adaptable to the description of
the dispersion formulation. A compelling reason for this particular choice is that ¢,(r, X) is
equal to the area-weighted transverse average concentration for the case of an inert solute
(see Sec. 6(a)).

Introduce the Fourier transform of Z (7, X),

V@)= o= |z, X ax, (48)

where Z (7, X) is defined by (4.6), and the inversion formula,

— 1 JW: —iwX
Z, (1, X)= Noram V.(r, w)e deo , (4.9)
and let
R, (r,0)=V IV,. (4.10)

If R, (7, w) exists, we can write V, = R, V|, and, by virtue of the inversion formula, one has

Z.(r,X)= R, (1, 0)V,(1, o) e “* dw . (4.11)

v -

If the function R, is analytic in the entire complex w-plane, then it is valid to write

R, (1, w) = ZZO (_n:!)m R™(r)(~iw)™, (4.12)
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where

"R

(m) — (" n
R0 =" 2= | - (4.13)
It will be shown that the dispersion formulation can be rigorously derived under the
condition of (4.12). Substituting (4.12) into (4.11) and performing the inversion, the result is

- (- RO " Z,

= 14
Zn(T’X) —~ ()aXm’ (41 )

where imposition has been made of the identity

";XZMO _ _1; L (—iw)"V,(7, @) e dw . (4.15)

The physical significance of condition (4.12) perhaps can best be illustrated by considering
dispersion in flows without sources. Setting p, = O, =0, then Z, (7, X) = ¢,,(7, X) from
(4.6) and equation (4.14) becomes

e m

n()(TX = ~ aX'" 00(7> X)

which must hold true for all time 7. At 7=0, equation (2.17) gives ¢,,(0, X) = ¢,(0, X)
which is given by equation (2.12) with the use of the specified initial condition. It is thus seen
that, for this particular case, the restrictive condition of (4.12) is none other than to require
the initial distribution of ¢, to be a linear combination of the X-derivatives of ¢,.

To proceed to derive the required relations, we use (4.14) in (4.4) to get

el _ m Z © £ k
é,(r, X)=m§::0 ( ”1') R™ 9 2 2 D®(r a)‘(f’k’ . (4.16)

By differentiating (4.4) with n =0, one has

amZ amd) o £ k+m¢

oxX" aX"(') 2 21 D7) an+,,f, (4.17)
Employing (4.17) in (4.16) yields, after some simple manipulations,

k¢> S ak¢>

$.(7, X) = E S10(7) 5 XE +2 2S00 (4.18)
where

*) (Gl 1) *) ® . S ED" o yeem

S, (1) ="—77"R,"8+ (1= N\ D,/ + 20 T R, Dy, - (4.19)

By proper truncation, equation (4.18) may be solved for ¢, in terms of the X-derivatives
of ¢,. For the sake of keeping the notations simple, we shall, in what follows, use « to mean
that the number of terms included in the summation is large enough for achieving
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convergence. We can show that the solution is

é (7, X) = E A() 0 ¢0 (4.20)
where
A(m)= Sf,’f])('r) + (1= 8,) i Z SEI{)(T)AI,I(—](T) . (4.21)

It must be noted that the solution given by (4.20) is valid only if the function R, (7, @)
defined by (4.10) is analytic in the complex w-plane.

5. Derivation of the dispersion formulation

The local solute concentration as before is given by (2.7) and the weighted transverse mean
concentration is defined as

w©

o(r, X)=”w(y, 2)0dydz= 2 w,¢,(r, X), (5.1)

where the weight function w( y, z) is normalized with respect to the transverse flow area and
where on the extreme right-hand side,

w,,=fJW(y, 2)y,(y, z)dy dz. (5.2)

If the condition expressed by equation (4.12) is fulfilled, then relation (4.20) holds true.
Substitution of (4.20) for ¢, in equation (5.1) leads to

_ d
8(r, X) = E h(7) 5F ¢° (5.3)
where
he(r) = 2 W, Ay(r) . (5.4)
Thus one has, by virtue of (5.3),
x k+j .
aX} Zﬂ k(T) —Fe forj=0,1,2,.., (5.5)

from which one obtains, after some algebra, the basic reldtion, as it will be soon seen,
required for the derivation of the dispersion approximation,

(5.6)
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where, using determinant notation, the coefficients of the X-derivatives are given by

h] h2 h3 .......... h]
hO hl h2 .......... h]—l
_1] 0 h h .......... h'_ )
%=(hé—3 ) o B TR 2| forj=1, (5.7)
0 0 0 he h, h,
0 0 0 0 hy h

with J; = 1/h; and ¥, =0 for j <O0.

Substituting (2.7) into (2.3) for 6 in the transverse diffusion and axial convection terms,
multiplying through by the weight function w(y, z), and integrating the resulting equation
over the flow cross-section, we have for the transverse mean concentration,

0 1 30 < <

@“_ — 5.8

o = bt ox® 2 P ZO " aX (5-8)
where B2 is given by (2.9),

un=fwa¢n dydz, (5.9)
and

Q(T,X)fowqdydz. (5.10)

Now employ (4.20) for ¢, on the right-hand side of equation (5.8), then use (5.6) for the
X-derivatives of ¢, in the resulting equation. We find presently the equation governing the
weighted transverse mean concentration,

- _
9 _S k() aa b 4 x), (5.11)

where the dispersion coefficients

Ky(r) = g 2 (N BowrA (1) + Ay (DB0] (5.12)

Equation (5.11) is identical in form to equation (1.1) for purely initial-value problems
(¢ =0). The present derivation shows, however, that this particular formulation is not
indiscriminately mathematically equivalent to the original problem of equation (2.3) unless
condition (4.12) is satisfied by the prescribed initial solute concentration and the distributed
source strength.

6. Dispersion coefficients in flow due to an initial input belonging to the product class

The transport of a solute which is instantaneously injected into a flowing stream of a carrier
fluid is a basic process in numerous applications. In many cases, the distribution of the initial
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solute input can be approximated to have a form belonging to the product class. Gill and
Sankarasubramanian [6] provided a method of determination of the area-weighted transverse
mean concentration based on the scond-order dispersion approximation for the transport of
an axisymmetric but radially partially uniform slug in laminar pipe flow under the condition
of zero wall flux. Since instantaneous injection is equivalent to specifying the initial
concentration distribution, the following discussion is made in the context of the latter by
equating the source strength to zero.
If the initial concentration distribution of the solute is in the product class, i.e.,

6 =0(0, X, y, 2) = f(X)g(y, 2), (6.1)

then use of equations (2.12) and (2.17) gives

— grl Pe —B%‘r fx I:_ PCZ(X_ Xs)2:|
¢n0 2\/77_7_ € . f(X_v) exp 47_ dXs > (62)
where
L2
8= ff g(y, 2, dydz. (6.3)

For purely initial-value problems, ¢,= Q,=p,=¢q =0, we have from (4.10) and (4.12),

|% ¢ 8 _(B2—g2
RO =R = 0= In0 _on ~(Bu=Bo)r
" Vo b &
(6.4)
R =0 form>0.
Hence, from (4.19),
anl;) =R, 8,06, t (1 - 5ko)(—Df.'§) + Ran;)) > (6.5)

where the function D% is defined by (4.5).
(a) Area-weighted transverse mean concentration of an inert solute

For a chemically inert solute in the absence of sorption with the wall, one has k, =k, =0
and B2 = A>. The transverse eigenvalue problem is

Vi, == A2, ,
(6.6)
Yy /oN=0 on S,

which, in conjunction with the orthonormal relation of (2.5), gives for the lowest eigenmode,
Y, = 1 and A, = 0. Since the concentration-is to be averaged over the flow cross-section, then

w(y,z)=L%A, (6.7)

and it follows from (5.2), (5.4), (5.7), and (5.9) that w, =%, = h,=6,, and u, = u,,. Use
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of these results in (5.1) gives
0(r, X) = (7, X) (6.8)
and from (5.12), noting that 8, = A, =0, we have

KO(T) =0,
(6.9)

1 — .
K (1) = o 8, — Z}l UpaA, _, forj=1,

where A, is recursively determined from (4.21) and u, = uy, = 0 has been used.

The dispersion coefficient K, is identically zero in the course of time. We proceed to
examine the asymptotic behaviors at small and at large times of the higher-order dispersion
coefficients as prescribed by (6.9) where it is to be noted that 82 = A2 >0 because n = 1.

At small times as 7— 0, equation (6.4) gives R,— g, /g,, and equation (2.20) gives
Q,(u, v, y; 7)=0(*""""). With the use of these asymptotic results, one has from (4.5) and
(6.5) that as 7—0,

sk *) O(r*'3*y for even k ,
ni D,, =
l I O(=*"™"31y " for odd k .

We then obtain from (4.21) by finite induction,

AnU = Rn i
A, =0 fork=1.

Substitution of these into (6.9) gives, as 7— 0,

K (1)—— 2_:1 Uo, 8,80 >

K,(r)—1/Pe’, (6.10)
K(m) =0y for j=3

The last result shows that K;— 0 as 7— 0 for j = 3. Therefore at sufficiently small times the
second-order dispersion approximation can be adequately used for describing the evolution
of the area-weighted transverse mean concentration distribution.

At large times, the same asymptotic limiting procedure as above, but in the limit as 7 — oo,
gives, forn=1: R, =(g,/g,) e "0, Q,(u, v,y;7)=0("), and % - — D% = 0(+%).
Hence we have from (4.21), A,,= R,—0and A,, = O(s") for k =1, and finally from (6.9)
the asymptotic results as 7— %,

K (1)—0,
(6.11)

1
K (7)= b2 8,+0(") forj=2.
c
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Thus, at sufficiently large times, the change of the area-weighted mean concentration is
characterized by constant dispersion coefficients with the absence of convective transport
(K,;—0) in a coordinate moving with the average flow velocity. At such times, the simplest
approximation is then given by the second-order equation with K, = K, =0 which was used
by Taylor [1] in his analysis. The condition under which such an approximation becomes
valid will be examined in a later section.

(b) Inert solute with a transversely uniform initial concentration distribution

We shall make use of the preceding results to obtain the explicit expressions of the dispersion
coefficients for the determination of the area-weighted transverse mean concentration under
the specific conditions that the solute is inert without wall sorption and that the initial input
of the solute is uniform over the transverse area. Such an initial distribution falls in the
product class as defined by (6.1) with g(y, z)=1, and we have, from (6.3) and (6.4),
R, =g, =38,. When this is used in (6.5) we get S% =5 ,8,,8,, — (1~ 8,,)D, and then
(4.21) reduces to

o k
A=8,-(1-8)1-8)(D%+2 3 p¥a,, ). (6.12)

1=1j=1

The explicit evaluation of A,,, though using only elementary algebra involving multiple
summations, turned out to be a tedious and extremely long task. D’ is defined by (4.5)
which requires the use of (4.3) for TS/ and (2.20) for Q,(u, », v;7). With D® so
determined and then substituted into (6.12), the resulting multiple summations are so
complicated that, for k =2, computer algebra had to be employed to carry out the necessary
algebraic maneuvers. Presently we have persevered to formulate A,, for k<4 in this
manner.

The dispersion coefficients are given by (6.9) in terms of A,, because the solute is inert
and no sorption with the wall occurs (B, = A, =0, B, =A,>0 for n>0). We record the
explicit expressions of the first few as follows.

K,=K, =0,
1 = _ _
K=o+ D ug A1 —e MY,
" (6.13)
u —ALT
Ky=— 2 21—+ A0 e ™
n=1 n
© o 2 2
uOnuOIunl < /\l —A27 /\n —-/\21')
- — 5 \l+ 5—=¢e """+ e ).
gl gl % A=A} A7 — A2
I#n

Similar results have been obtained for K, and K by using computer algebra but their
expressions are too lengthy to be recorded here.
7. Dispersion approximation for the area-weighted mean concentration of an inert solute

We shall be concerned with the determination of the area-weighted transverse mean
concentration distribution of an inert solute under the conditions that the solute is sorption
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free with the wall, that the source strength is zero, and that the initial concentration
distribution belongs to the product class. The results derived in Sec. 6(a) are to be used in
the present discussion.

Truncation of equation (1.1) leads to the dispersion approximation

a0, < 3’0,
-3 K , 7.1)
0 ,gg /(7) 0X’ (

where the number of terms N required for convergence of the approximate solution 6,(r, X)
to the exact solution 6(r, X), for flow with a given Peclet number, depends exclusively on
time 7. Equation (6.10) shows that N=2 as 7— 0 and (6.11) requires that N=2 as 7—> .
For finite time 7, (7.1) in principle could be used to yield a valid approximation by including
an ever larger number of terms on the right-hand side until 6, absolutely converges.
Although (6.9) shows that K(7) in principle can be algebraically determined to all orders,
their explicit evaluation, however, is a matter of every-increasing complexity as j increases.
As a result, only a few low-order coefficients can be realistically determined and therefore
equation (7.1) cannot in reality be employed in the sense of convergence-in-the-mean at
arbitrary times. Because of its basic role in the application of the dispersion formulation, the
conditions under which 6, for N =2 can be used as an efficient representation of 8 will be
examined. This is possible if a suitable number of dispersion coefficients of orders successive-
ly higher than N =2 can be explicitly evaluated.

(a) Central moments of the mean concentration distribution

In order to see how well 6, of (7.1) serves to represent the exact solution 6, it is necessary,
following Aris [2], to evaluate and compare their respective integral moments which can
readily be obtained from (7.1) by applying the procedure used by Subramanian [19]. The nth
central moment (hereafter moment) of the exact mean concentration distribution is defined
as

w(r) = fm X"9dX . (7.2a)
and that of the Nth order approximate mean concentration distribution,

w7y = fm X"0, dXx , (7.2b)
for any non-negative integral value n. Multiplying (7.1) by X", integrating by parts over X by

imposing the condition that X" 3’8,/9X’—0 as X —  for j, n=0, it follows, by allowing
N—x, that the exact moments are governed by the equation

dp,"
2 (- 1)f ), K, forn=0, (7.3a)
with u_, = u_, = 0. Applying the same procedure to equation (7.1) for a fixed N, we find
le«(N) " ; n!
4 ~j§0 1 G=yi Kty forn<n,
dp® (7.3b)

N ) '
=2(—1)’—"—K,L<N) forn>N,

dr ; (n— n
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with p,(N )= p,(N ) = 0. Given an initial concentration distribution, the same initial conditions

are to be applied to the solutions of (7.3a) and (7.3b) which are identical in form for n < N.
It therefore follows that u, (1) = u*’(7) for n< N. Thus the Nth order dispersion approxi-
mation gives precisely the exact moments up to the same order. We note in passing that this
identity has been used by DeGance and Johns [10] as the definition of the Nth order
approximation in formulating the necessary equations for the determination of the dispersion
coefficients. The solutions of equations (7.3a) and (7.3b) are recorded here as follows:

Ba(T) = m, + % (-1) jf K;(mp,_,(n)dy forn=0, (7.4a)
and
V() =p,(r) for0<n<N,
(7.4b)
p () =m, + 2 (—1) " ]), f K(mu™(m)dy forn>N,
where
m, =, (0) = p"(0) (7.5)

is the nth moment of the initial distribution. It follows from (7.4a) and (7.4b) that

n—-N-—1

m, — i) = Z (- 1)]

‘]), | K ) = )

+2(1)’

j=N+1 (n ])'

|, Kmuan forn>N. (7.6)

Using the asymptotic results of (6.11), simple induction of (7.4a) yields
u, (1) =0@E""?y forn=2as r—w.

Now applying the induction procedure to (7.6), it can easily be shown that
p, — V) = O N2y for n> Nas 1.

By employing the second moment u,, which is positive definite, as an effective measure of
the departure of the approximate moment u'’ from the exact moment u,, there yields the
large-time asymptotic behavior

m, — pl
n n _O( [(n—=N+1)/2} n/2) for n>N as 7—> o . (77)
2

For small enough times, the moments under the integral signs in (7.6) may be replaced by
their initial values. The small difference can be estimated by neglecting the contribution from
the first summation term and one thus has
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u, (N)_ z (- 1)1

j=N+1 )

m, | Kman.
which, after making use of the asymptotic results of (6.10), becomes
Tnor o =0(r™?*?) for n>Nas 10, (7.8)

where u, = m, = O(r°) has been implemented.
From equations (7.7) and (7.8), it is clear that for all N=2 and n> N,
(V)

%—)0 as 7—0 and as 7-—>x. (7.9)

2

It has been shown that ") = u_for n < N. If 6, of the dispersion approximation with N =2
is to be regarded as an efficient representation of the mean concentration 6, then acceptable
quantitative agreement must exist between their respective moments having orders greater
than N. Equation (7.9), using the standard deviation (v/&&,) of the distribution as a basic
measure, shows that this is certainly true at asymptotically small and large times. At finite
times, however, such niceties cannot be expected to hold unaltered and the use of 6y to
represent 6, therefore, must be carefully justified.

(b) Criteria for application of the second-order dispersion approximation

The approximation obtained by setting N =2 in equation (7.1), first formulated by Gill [20]
in that the author has showed that K, is time-dependent, clearly represents the simplest
approach. A number of cases of theoretical and practical importance have been investigated
on the basis of this model (e.g., see [9] and related references cited therein), even though its
uniform applicability has been rightfully questioned (Booras and Krantz [21], Smith
[15,16]). The model is simple to use because the evaluation of K, and K, requires little or no
effort. It is therefore of considerable interest to find out, for flow with specified Peclet
numbers, the approximate time requirements for using its pertinent solution as an effective
representation of the mean concentration distribution.

Expressed through its own Fourier transform, the exact mean concentration of the solute
can be written in the form

x

— 1 _ux- i -
0(7’ X)= _ﬁf_’ce iwX wZM/z[e (iw)2uy/2 f eleB(’T, X;)dX,:I de

—®

K ” ~iwX - w? < . n
= _27(1’_ f_xe X uz/z[ 2; szzc ]dw, (7.10)

where u, is the total amount of solute and u, is the variance of 6, and the set of quantities c,
satisfies the following identity in ¢ =iw,

i a" n/2 1 —a2u,/2 fx aXxpy
— —e M e adX . 7.11
o = (7.11)

n=1
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By expanding in the above equation the right-hand side about a =0, it follows that

1 = _
wy'%c, = ™ lim [e_“z“ﬂf e’*o dX] . (7.12)
0 4~ —
Since
l n ‘a ”’2/2 1 n/2H 0
lim —— =1y (0),

3 d” fm aXpy _fm na =
lim il I gdx=| X'0dX=p,,

a—0

equation (7.12) then gives, because H,(0) =0 for odd n,

2l 1 n! 2p
_p

T(’;——;)—' H2p(0) forn=1, (7.13)

n/2 -p

nl2
where the Hermite polynomial

1\ X2 d -x2
Hn(X)_( 1) € ane .

Carrying out the integration of (7.10), there follows

=y ool ) 1+ 2 ()] 019

The first three moments (u,, &, &,) of the mean concentration distribution are all exactly
given by the second-order dispersion approximation. It is obvious that we can write

= el )[4 2 S ()] 015

Here

{n/2]}

@=3

p=0 2P '(n P)'

1 n! Ky,
HZp( ) n/22!;; ’ (716)

with ¥ = u, for n <2, and we thus have
P =¢c, forn=2. (7.17)

The difference between the exact and the approximate mean concentration can now be
obtained by subtracting (7.15) from (7.14). Thus

d (2)
s M <—X2> c, —c < X ) 718
0-6,= 5 expl 5 2~ H, ) (7.18)

where the summation starts from n = 3 because of (7.17) and, from (7.13) and (7.16), one
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has
(n/2] 2)
1 n! My _2p ™ Hp-2
— =y S H. (o) Tnmp (7.19)
c,—¢ Py )
o 20 2P pi(n—p)! 2(0) py'tr
which clearly shows, using equation (7.9), that
c,—c?—>0 asrt—0and as 7> (7.20)

With the use of (7.18), we find that the following quantity which is a mean square relative
error heavily weighted in favor of discrepancies at large distances from the origin,

o B B XZ i 2n
f_m (6-6,)° eXP(ﬁ) LD QI i i D "
2 — n=3 : < E J— (cn — cflz))z . (721)

© XZ x 2" n=3 n!
f 6° exp(—) dX 1+ E - cf,
= 2"“2 n=3 N

obviously can be used as a suitable measure for the overall accuracy of 52 in its representa-
tion of 6. Since, as indicated by (7.20), that ¢’ — ¢, asymptotically at both small and large
times, it then follows that, among other possible stipulations, by demanding in equation
(7.21),

le,(r) —cP|<e forn=3, (7.22)

where ¢, representing the tolerance for accepting 6, as an efficient representation of the
mean concentration distribution, is a small number to be specified, the time limits for the
applicability of the second-order dispersion approximation can be assessed in a systematic
manner provided that c,(7) can be evaluated to arbitrary orders greater than 2.

In practice, however, only a few c,(7) of lower orders can be realistically computed. The
above formulation therefore cannot be used in its full context. Chatwin [3] has essentially
used a criterion equivalent to condition (7.22) with n =3 as a measure for the accuracy of his
analysis. A more detailed overall picture, perhaps, can better be obtained by including
additional criteria with n >3. A specific example is to follow in the next section.

8. Poiseuille pipe flow with a radially uniform initial concentration distribution

For the application of the results obtained in the preceding section, we consider here the
determination of the area-weighted transverse mean concentration purely due to a trans-
versely uniform initial input of a nonreactive solute (k, = k., = 0) in fully-developed laminar
flow through a circular pipe. The dimensionless quantities are

X ugti2 _r Dt P _ Ru,
T "RpPe * P R TR =D

the weight function w =1/s, the flow velocity U =1/2— p* and the initial solute input
6, = 0(0, X, p) = f(X). Here x is the axial distance, r the radial distance, R the pipe radius,
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u, the center line flow velocity, and f(X) a prescribed square-integrable function. The
required transverse eigenfunctions are

g, = Jo(A,p)1Jo(A,) forn=0,1,2,..., (8.1)

with the corresponding eigenvalues given by J,(A) = 0; starting with A, = 0, the eigenvalues
are ordered in a sequence so that A,,, > A, .

(@) Solution by self-consistent approximation

The local concentration in this approximation is given by

0(r, X, p) = 2 6,(1, X)Ja(Ap) 11o(A,) - (82)

where W is sufficiently large so that the above solution can be considered as exact. The
equations required for the determination of the functions ¢,(r, X) are given by equation
(3.7) by setting 8, = A, and g, =0, subject to the initial condition (2.13) which for the
present case has the form

$,(0, X) = 8,4 f(X) . (8.3)
Using the eigenfunctions (8.1) in (2.10), the factors u,,, are given by

Uy =0,
u,,=1/6 forn>0, (8.4)
u,, =—4A2+A2)/(A2 =A%) form+#n.

m

The solution of (3.7), subject to the initial condition of (8.3) can readily be obtained by
applying the method of Fourier and Laplace transforms. We find the area-weighted mean
concentration

_ 1 N o B .
6=c,= r ,;; f_w Flw) ZL; expla;7 +i(b;7 + 0 X)]dw, (8.5)

where the number of terms & required for convergence can be realistically estimated [13],

1 J‘x —iwX
=— X dXx 8.6
Fw) N fX)e (8.6)
and p =a,; +ib, are the zeros of a determinant, call it |Af, having an element in the
(m + 1)th row and (n + 1)th column given by
2

a, =(p+r2+206 + 0%k +tiou, formn=0,1,..., K, (8.7)
mn m PeZ mn mn mn

A;=d|A|/dp, and B, is the cofactor of the first element a,, of determinant |A4|, both
evaluated at p = a; +1b,.
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(b) Solution by dispersion approximation

The results of Sec. 6(b) are applicable under the conditions specified at the beginning of this
section. The dispersion coefficients can now be calculated by substituting (8.4) for u,, in
(6.13). The resulting expression of K, is exactly the same as that derived by Gill and
Sankarasubramanian [5] and from the resulting expressions of K, and K,, the steady-state
(7 — ) values of Gill’s [20] (A, of author’s equation (19)) are precisely reproduced. Noting
that K, = K, =0, one has thus in the dispersion approximation,

a0y, 2’6,
5 2 K0

aXx’

for N=2,3,..., (8.8)
subject to the initial condition

8,00, X)=2 [ p0(0. X. p) dp = f(X) . (8.9)

The complete solution is

- 1 * N .

b(m. X) = 5= L F(o) exp[lgz (iw)’¢,; + in] do for N=2,3,..., (8.10)
where F(w) is given by (8.6) and

£ = |, Kman, (8.11)

which, in this work, has been numerically evaluated for j <5.

The dispersion coefficients K, through K, have been computed by employing the first 100
eigenvalues (A, < 311.8) so that little or no truncation error should occur in the process of
performing the necessary numerical computations. The calculated results are plotted in Fig.
1 where it is seen that K, — Pe "* and K, are positive while K, and K, are negative, that these
coefficients in general all increase monotonically in magnitude in the course of time (K, has a
slight peak, not noticeable in Fig. 1, at 7~=0.6), and that their steady-state values are
reached practically at 7=0.5.

It is convenient to use a coordinate system in which /1, = 0. Then one has from equations
(7.4a) and (7.4b) that, because K,= K, =0,

2
pi=p, =0,

. (8.12)
Wy =, =m, + 28, .

Exact central moments of successively higher orders can be similarly evaluated by using
(7.4a). In particular, we can numerically compute

py =my — 6,

po=m, +12m, &, + 1262 +24¢, (8.13)

s = my +20m, &, — 60m, &, — 120€, ¢, — 120¢, .
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Fig. 1. Dispersion coefficients for radially uniform initial input of an inert solute in Poiseuille pipe flow.

Correspondingly we find from (7.4b) the approximate moments,

(2) _
/J'S - m3 ’

p =m, +12m,¢, , (8.14)

w =mg +20m,¢, .

Thus we have, by subtracting (8.14) from (8.13) and by using the result in (7.19), the
effective criterion of (7.22) for using 6,(r, X) as an efficient representation,

ley — P =1.5V2|&| Iny° < e,
les = | =6|&|/us<e, (8.15)
les — 2| = 15V2| & Ius° <ce,

where u, is given by (8.12).
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(c) An example

We consider here an example with a radially uniform initial distribution of total mass unity
concentrated at a section of the tube, that is, ¢,(0, X) =6, = f(X) = 8(X)/Pe. The central
moments of the initial distribution are m, =1 and m, =0 for n = 1. The solutions 6 of (8.5)
by the self-consistent approximation and 6, (2=< N <5) of (8.10) by the dispersion approxi-
mation, with specified values of the Peclet number and the dimensionless time, can be
computationally determined by using the method of fast Fourier transform [22].

Figure 2 shows a comparison of the computed solutions with Pe =100 at 7=0.1.
Numerical integration shows that 6 produces accurately the exact moments given by equation
(8.13) and that all finite-order solutions of the dispersion approximation satisfy nearly
precisely the moment requirements called for by (7.4b). 6, is Gaussian. 6, has a peak slightly
downstream of the moving origin. The oscillatory character of §, and 6, about zero, a few
cycles upstream and a large number of cycles downstream extending far out to a large
distance, is clearly devoid of physical meaning but strictly a mathematical fix due to the
condition of square-integrability of the mean concentration distribution. It is clear that
solutions of orders much higher than N =5 must be pursued if the dispersion approximation
is to be made effective.

Figure 3 shows the variations of |c, — ¢\*| given by (8.15) in the course of time for Pe = 10
and 100. As expected, these all tend to zero as 7— 0 and as 7— . If the value of ¢ indicated
in the figure is used as a criterion, we immediately see that the second-order approximation
for Pe = 10 is efficient in the entire time domain and that, for Pe = 100, it is valid only in the
regions outside of the range between the times indicated by the open circles in the graph. By
specifying the value of ¢, the quantitative relationship between 7 and Pe for the applicability

0.2 T T
po—
g
=2 —
&
=
w —
=
S —
] ]
-2 -1 0 1 2
2/T
Fig. 2. Area-weighted transverse mean concentration profiles at v =0.1 for Pe = 100. Exact (—); dispersion

approximation: N=2 (— —), N=3 (—-—), N=4 (——), N=5 (—--—).
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Fig. 3. Variations of |c, — ¢”’| of equation (8.15) with m, =0 in the course of time for Pe = 10 (— —) and Pe = 100
( ). With the use of & as a criterion, the second-order dispersion approximation is not valid for Pe = 100 at times
between the open circles, but it is valid in the entire time domain for Pe = 10.

of 6, in its representation of the solute concentration distribution therefore can be estab-
lished by using the criteria of (8.15). It is clear that the smaller the value of ¢, the better is
the representation. Such relationships for € = 0.1, 0.15 and 0.3 are shown in Fig. 4 where it is
to be understood that 6, is valid in the open region lying to the left of each curve when

10 |

€=0,1

0.15
0.3
[
0.1 _|
1073 L
10 100 1000
Pe

Fig. 4. Criteria for applicability of the second-order dispersion approximation obtained by using equation (8.15)
with m, =0 for ¢ =0.1, 0.15, 0.3. , is valid in the open region lying to the left of each curve when the latter is

viewed in the clockwise sense. Concentration profiles at times marked by open and closed circles are plotted in Figs
5 and 6 for visual comparison.
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viewed in the clockwise sense. These results clearly demonstrate that at large enough times
6, is applicable independently of the Peclet number and that for flow with small enough
Peclet numbers it is applicable at all times.

Figure 5 gives a comparison of 8, and 8 for Pe = 100 characterized by large times at 7 = 1.1
(6=0.3),2.4 (¢=0.15) and 5.6 (¢ =0.1). These are the conditions marked by open circles
in Fig. 4. Also plotted here for comparison are the profiles of 0 It is seen that agreement
between 0 and 6 is substantially and uniformly improved by reducing the value of ¢, that the
profiles of 8 are near Gaussian, and that 6; and 6 are essentially identical at all three times.
This comparison apparently shows that 0 is uniformly a better representation than 02 at
times large enough if the latter itself is a reasonable approximation.

At 7=0.01 for Pe =32 (¢ =0.1), 50 (¢ = 0.15) and 100 (& = 0.3), which are the conditions
marked with solid circles in Fig. 4, a comparison of 0, 0 and 0 is shown in Fig. 6. Here the
effect of & on the convergence of 6, to 6 is the same as before and 6, serves better than 6, in
representing 6 for Pe =32 and 50. But for Pe =100 at a time 7 = 0.01, neither 6, nor 6; is
satisfactory. This seems to indicate that at small times when 6, is not applicable, it is unlikely
that 6, can be meaningfully effective (this is clearly also the case in Fig. 2).

From the comparisons shown in Figs 5 and 6, it appears, from a practical point of view,
that £ = 0.1 is tolerably small for using 52 as a quantitatively efficient representation of the
mean concentration distribution. The three individual criteria of (8.15) for £ =0.1 are
plotted separately in Fig. 7. The solid line is the same as that in Fig. 4 with £ = 0.1. Here it is
seen that the large time requirements are exclusively determined by the third-order criterion,
as has been done by Chatwin [3], but for 7+ <1 the 4th order criterion becomes dominant,
while the 5th order criterion turns out primarily to accord a maximum Peclet number below
which the second order dispersion approximation may be considered as tolerably valid at all
times 7> 0.

MEAN CONCENTRATION

%/T

Fig. 5. Area-weighted transverse mean concentration profiles for Pe = 100 at 7 = 1.1, 2.4, 5.6 (open circles in Fig.

4). Exact (

); dispersion approximation: N=2 (——), N=5 (—-—).



56 J.S. Yu and W.S. Chang

I | i I

MEAN CONCENTRATION

-3 -2 -1 0 1 2 3
xT
Fig. 6. Area-weighted transverse mean concentration profiles at =+ = 0.01 for Pe =32, 50, 100 (solid circles in Fig.
4). Exact ( ); dispersion approximation: N=2 (——), N=5 (—-—).
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Fig. 7. Nlustration of |c, — ¢!”’| = ¢ given by equation (8.15) with m, =0 for ¢ = 0.1. Combined criteria (—). At
7 <1, the second-order dispersion approximation is valid for Peclet numbers determined by criteria of orders larger
than 3. See legend of Fig. 4 for region of validity.
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9. Relation to Smith’s new ansatz for the area-weighted mean concentration

In conformity with Smith [15], the source strength and the initial concentration distribution
are assumed to be independent of the transverse coordinates, the solute is considered to be
inert, and sorption of solute is negligible. Thus the local concentration is governed by
equation (2.3) with k, =k, =0, and the transverse eigenvalue problem is prescribed by
(2.4). The eigenfunctions form a complete orthonormal set as in (2.5). The lowest
eigenvalue A, = 0 with the corresponding eigenfunction ¢, = 1, thus the orthogonal relation,

%jfwn(y, z)dydz=34,,. (9.1)

The local concentration of the solute is given by (2.7) from which one evaluates the
area-weighted mean concentration

2

- L’ L <
0(T,X)=ij0dydz=j 2 ({)"(T,X)jjdln dy dz = ¢y(1, X), 9.2)

and hence obtains the initial condition 6(0, X) = ¢,(0, X) = §,(X). Using (2.7) for the factor
6 in the transverse diffusion and the axial convection terms, equation (2.3) becomes

0 1 0 I ., = EYe)
— = — A - n
dr Pe’ 9X* EO wn®a U ,Z:O Yn 9x

+ q(7, X). (9.3)

Now multiplying the above equation by LA and integrating over the transverse flow area,
we find, for the transverse mean concentration,

0 1 00 3,
= _zu(]n

ar e axt 2 M gx T X), -

where u,, is given by (2.10) and (9.1) has been used.
If the initial distribution and the source strength meet the requirement of (4.12), then
(4.20) is valid and we have, with the substitution of ¢, by 6 as is allowed by (9.2),

- 3’0
é,(r, X) = Z,O A7) 557 (9.5)
Subtracting (9.4) from (9.3), making use of (9.5) for the terms involving ¢,, we find
3 _ 1 @ - < 3’0
—(0-0)-—5——=0-6)=2 M, — :
5 0=~ 5 5 O 0)= 2 My, 2.1 55, (9:6)
where

Mj(y’ zZ,7)=— ZO [Anj(/\idln —Up,) +(1— 8]’0)U¢lnAn,j—1] s, J=0,1,.... (9.7)
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The solution of equation (9.6) is, taking into account the fact that § =6 at 7 =0,

0—0=2\/_] of dr, M(y,z,7— 1)

* do(X,,T—1) 1 [ Pez(X—Xs)z]
X f;w dXs —_(')X—SI__ TTS exp| — T . (98)

We proceed to show that the new ansatz proposed by Smith can be derived from equation
(9.8) as a result of proper simplification. Expansion of 8(X,, 7 — 7,) about X gives

6’5(XS,T i 1 6j+[§(X,T—TS)
1=o0 !

5% <7 X, - X) . (9.9)

Substituting (9.9) into (9.8), carrying out the integration over X, term by term, we can show
that

6 [f/zl T
= M, (y,z,r—7)< ) ’0(XT-T)
_ — j—21 s
o0 Zf) Eg L I Pe X’ T (©-10)
In terms of the memory displacement
X(1,) =L a(r)ydr’, (9.11)
where (1) is the velocity shift introduced by Smith, one has the series expansion
30X, T — 51 dre(x - X(T) T—1) &
—— X 9.12
e g 7 @) (9.12)
Use of the above expression in (9.10) gives
—5=2LLj(y,z,'r ) O(X X(z),7—7)dr,, (9.13)
j=0
with
= [k/2] 1 o r O\
Liy.zmr)=3 > My (pozr = )R () (9.14)
k=0 I=0 I'( Pe

Equation (9.13) is a complete representation relating the concentration variations across
the transverse flow area to the X-derivatives of the area-weighted mean concentration in
terms of the memory displacement )”((TS). To obtain a series representation somewhat similar
to the particular form proposed by Smith, it is necessary to further make use of the series
expansion

aanvzz(ya z,7,)
ar!

|
M, _,(y,z,7— 1) 2 n_ (r—271), (9.15)
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so that equation (9.13) can be written as

—-60= z 2 jo Ly, z, TS)EO(X—X(TJ),T_Ts)dTS , (9.16)
where
w [k72] n 2
"M, _>(y,z,7,) nyi—k ( Ts)
Ly, z,7,)= kzo ISB ,,n,(] 5 o (r=20) %) 5s) - ©17)

Truncation of equation (9.16) after n =0 gives the first nontrivial approximation of the
memory displacement formulation,

5:2f1,0(y,27) o(x X(r,), v —1,)dr,, (9.18)
where
Jook/2 _—
. _ _ nyrj—k s

Lo(y, z,71,)= E g '(] — ) M, (y,z, 7 =21)(7 —27,)° X' " "(7,) (Pe) . (9.19)
For the lowest eigenmode, A, = u,, =0 and we have from (9.7),

M0=— 2 AnO(Aiwn_uOn)z_ zl Rn()‘id’n_uOn)’

n=1 n=

where R, (7) = R‘”(7) is defined by (4.13) and, to get to the second expression, equations
(4.19) and (4.21) have been used. Thus if we confine ourselves to the special case (for
example, the case of Sec. 6(b)) such that

R, (7)=0 forn=1, (9.20)

then /;, = M, =0, and we have the result

—522 Lo(y, 2,7, ), T —7)dr,, (9.21)
j=1

which is identical to the new ansatz posed by Smith [15] (author’s equation (1.5) with
l;=1,). Here the upper limit is 7 instead of « as used by Smith. But this does not change the
nature of the equation because 6 under the integral sign is defined only for nonnegative time.
The theoretical basis of Smith’s new ansatz is therefore here established by recognizing that
what it represents, valid under the simplifying condition of (9.20), is a truncated form of the
full expansion given by equation (9.16). By retaining only the first term in equation (9.21),
Smith introduced a delay-diffusion equation for the description of the area-weighted mean
concentration distribution.

Figure 8 shows a comparison of the mean concentration distributions for the case of a
radially uniform slug input of unit mass in fully developed laminar pipe flow obtained by Gill
and Ananthakrishnan [23] through finite-difference integration, by Smith [15] from the
delay-diffusion equation with a particular choice for the velocity shift i, and by the present
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Fig. 8. Area-weighted transverse mean concentration profiles at 7 = 0.1 for Pe = 1000 in Poiseuille pipe flow with an
initial slug input. Exact ( ), finite-difference of Gill and Ananthakrishnan [23] (——), and delay-diffusion of
Smith [15] (@).

authors using the self-consistent formulation of Sec. 8(a). The self-consistent solution
satisfies precisely the requirements p, =1, g, =0, and the higher-order integral moments
given by (8.12) and (8.13). A numerical integration of the finite-difference solution shows
that, although u,=1 is satisfied, the magnitude of the integral of the first-moment
distribution about the origin over the downstream region is nearly 7% larger than that over
the upstream region. The requirement that u, =0 is violated, showing that there are gross
errors in the finite-difference solution. The double-peaked appearance of the distribution
obviously is the result of its inherent inaccuracy. Though serving as a significant improve-
ment over the Gaussian solution of the second-order dispersion approximation, the solution
of Smith’s evidently is far from being adequate for representing the mean concentration
distribution at this stage (7 =0.1) of the dispersion process.

10. Concluding remarks

The dispersion formulation represented by equation (1.1) as originally advocated by Gill and
Sankarasubramanian, or by equation (5.11) if there exists a distributed source strength, is
not completely equivalent to the convective diffusion problem represented by equation (2.3)
if the mathematical condition called for by (4.12) is not met.

Under the conditions that the dispersion formulation is valid, the pertinent coefficients in
principle can be determined either by the method of Hermite moments of DeGance and
Johns [10] or by the algebraic formulas developed in Sec. 5 of this paper. The use of the
dispersion formulation for practical applications, however, is largely limited to the second-
order approximation because the algebraic contents of the higher-order coefficients, even for
the simplest cases, are highly complicated and extremely tedious to manage.
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The case of an inert solute in source-free flows with an initial input belonging to the broad
category of the product class has been examined in detail for the determination of the
area-weighted mean concentration by means of the dispersion approximation of fixed orders.
The present analysis shows that the second-order approximation is sufficiently efficient
asymptotically both at small and at large times and its relative accuracy as a representation of
the mean concentration distribution at arbitrary finite times can be systematically assessed if
dispersion coefficients higher than the second order can be determined in succession. For an
illustration of using the derived results, the case of an inert solute in Poiseuille piper flow
with a radially uniform initial input is presented in detail.

The use of the self-consistent method in the form of equation (3.7) for practical
calculations is a straightforward matter. For any desired accuracy, the convergent solution
can be computationally determined by including a sufficiently large number of terms in these
equations. The procedure of solution is especially simple with inert solute in flows free of
sources for the determination of the area-weighted mean concentration because of the
simplification that 8 = ¢,.

Like the dispersion formulation, the memory displacement approach suggested by Smith
can be rigorously derived if the series expansion of equation (4.12) is valid. Under the
condition that the distributions of the source strength and the initial concentration are
transversely uniform, the difference 6 —  is exactly given by equation (9.8). The new ansatz
proposed by Smith is shown to represent, subject to the additional restriction of equation
(9.20), the lowest-order nontrivial approximation possible to the expansion of equation
(9.16) which is a double-series representaion of the master solution given by equation (9.8).
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